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^ ' The one-particle electron spectrum is found for hot and dense QED and its proper- 
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^ ' demonstrates the gauge invariance as well. 
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1 Introduction 



At present a problem exists to establish whether the effective electron mass in statistical 
QED (the same as in QFT) is gauge invariant or this mass depends on the calculational 
schemes, in particular on the gauge fixed or on the chosen regularization procedure to 
treat the infrared and ultraviolet divergencies. This problem is rather complicated and 
up today is not solved finally although many attempts were made starting from the fiftieth 
years [1,2]. In these pioneer papers the gauge dependence of the electron Green function 
was investigated at first in QFT and then in statistical QED [3]. It was shown that 
the longitudinal part of the gauge field generated only the phase factor for the electron 
Green function and its gauge dependence was separated but, unfortunately, only in the 
coordinate space. In the momentum space where the physical information is extracted 
from this function the gauge dependence of many physical quantities (in particular, the 
gauge dependence of the electron spectra) remains completely unclear and each time the 
special investigations are necessary to display it. Moreover all transformations in [1-3] 
were made on the formal level ignoring the problems which encounter the real calculations 
(e.g. the problem of treating divergencies, in the first rate infrared divergencies). The real 
calculations which were done later in [4,5] have demonstrated that within this problem 
many questions have remained unsolved and require the more careful investigations. For 
QFT in the recent paper [6] a number of these questions were eliminated but the direct 
extension of its results to statistical QED is doubtful and requires the special revision: 
firstly the electron spectrum in statistical QED is completely different from QFT (besides 
one-particle excitations there are the collective ones with different effective masses); and 
secondly in statistics unlike QFT all possible degrees of freedom are revived, therefore 
the special requirements are necessary to ehminate their influence on the physical results 
when any regularization is made. Moreover all infrared divergencies are aggravated in 
statistics and, for example, any calculations in the arbitrary a-gauge require many efforts 
to block up the additional divergencies from the new pole in ©"-function (the 1/p^-pole). 
Only the Feynman and Goulomb gauges remain enough reliable since these gauges can be 
exploited without any additional infrared regularization and there is a guarantee that all 
exact theory properties will be kept: in the first rate the gauge invariance which is very 
sensitive to any calculational disagreements. 

In this paper both gauges (the Feynman and Coulomb ones) are used to determine the 
electron spectra in statistical QED and investigate their gauge dependence. Sometimes 
the arbitrary a-gauge will be briefly discussed but only to illustrate the results found. 
Two different kinds of the electron spectra in statistical QED are found: the one-particle 
and collective excitations. The one-particle electron spectrum which results from pertur- 
bative calculations is similar to the bare electron one and to the spectrum found in QFT. 
The collective electron excitations are generated by nonperturbative calculations and in 
the leading order have not any analogy in QFT. This spectrum has four well-separated 
branches which present the quasi-particle and quasi-hole excitations [7,8,9]; all branches 
are always massive (there is a well-separated spectrum of four effective masses) and their 
properties are completely different from the bare one. To perform calculations the stan- 
dard temperature Green function technique is used and the case of zero damping is only 
considered. We concentrate our attention to solve the fermion dispersion relation in a 
more complete form and to investigate the gauge dependence of all spectra found. 
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2 QED Lagrangian and electron self-energy 

The QED Lagrangian in covariant gauges has the form 

- /^V'74V' + ^(W (1) 

where F^i, — d^V^, — d„Vn is the Abehan field strength; ^ and t/j are the Dirac fields; ^ 
and m are the electron chemical potential and the bare electron mass, respectively; a is 
the gauge fixing parameter [a — 1 for the Feynman gauge). The metrics is chosen to be 
Euclidean, and 7^ = 1. 

To find the Fermi excitations in hot QED we start with the usual Schwinger-Dyson 
equation 

G-\q)=G^\q)+j:{q) (2) 
and calculate the electron self-energy according to its exact representation [3] 

= f 1^ / ^s'^MiMp + 9)r.(p + q, q\p) . (3) 

We study E(g) only in the one-loop approximation where the bare Green functions and 
the bare vertex are used to calculate Eq.(3). Using this expression for S(g) the electron 
excitations will be found in two cases: perturbatively, exploiting the bare mass shell 
(one-particle spectrum) and nonperturbatively when the spectrum and a new mass shell 
are determined simultaneously (collective excitations). Both these spectra (especially 
their long wavelength limits) will be considered in different gauges (in the Feynman and 
Coulomb ones) to understand their influence on the flnal result. 

Within the one-loop approximation the exact decomposition for S(g) is given by 

j:{q)^n^K^{q) + mZ{q) (4) 

and is used to find nonperturbatively the function G(q) 

This representation leads to the one-loop dispersion relation for the Fermi excitations 
which in any gauge has the form 

[ (% - A*) - Kif = q' (1 + Kf + m'(l + Zf (6) 

and after the standard analytical continuation it can be solved analytically or numerically. 
Here ^4 = 1X4^ and ^ = {(^'4 + ijj), q}- 

The one- loop expression for E(g) in the Feynman gauge was used many times earlier 
and is known as follows [9] 

cPp [ r 1 [74ep + (i7p + 2m)] 



E^(g) = -e7 



+ 



(27r)3 [ [^^ + ^(^ + g^) ]2 + (p _ q)2 
(IpI + - iqA)lA - [n(P + q) + 2m] 



[g4 + i(/^+ |p|) ]^ + ep+q 



h.c] (m,//) -{m,n) } (7) 



where Sp — ^/p'^ + m? is the bare electron energy; = {expf3\p\ — 1} ^ and rip — 
{exp/9( ep ± //) + 1}"^ are the Bose and Fermi occupation numbers, respectively. 

The analogues expression for in the Coulomb gauge is more complicated and can 
be calculated within Eq.(3) using for this case the appropriate D°-function 



The standard 7-matrix algebra is used to make the summation over spinor indices 



-,2 B 



P4 



d^p m + i74(p + 5)4 + i7p [(p + q|p)/p^ 



,2 B 
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P 



E 

P4 



(27r)3 

d^p m 



[(p + qy + m^] 
i74(p + g)4 + «7(P + q) 



[{p + qY + w?] p^ 



(9) 



and then the remaining summation over the Bose frequencies within Eq.(9) (or over the 
Fermi ones in its another form) should be made in the usual manner [3] . The result has 
the form 



d^p 
(2^ 



74ep + n(p - q) [(p - q|p)/ (p - q)^] + 



ep [g4 + + Cp) ]^ + (P - q)^ 



+ 



K_ (IpI + - iqi)l4: - nP [(pIp + q)/P^] - m 

IpI 



[g4 + IpI) ]^ + ep+q 



n' 



^'i^ P - /7P - ^ 
2(P - q)2 



/i.e.; (m, /i.) — > — (m, /x) 



(10) 



and along with Eq.(7) will be used to calculate the electron spectrum and its limits. 



3 One-particle electron spectrum 

Now we investigate the one-particle electron excitations in the different gauges: at first 
in the Feynman and Coulomb gauges and then in the arbitrary a-gauge. The spectrum 
found (in any case its long wavelength limit) is gauge invariant and qualitatively is the 
same as the bare one. It has two branches ig4 = fj.R±mR but their chemical potential and 
effective mass are quantitatively improved due to interaction with the medium. To find 
this spectrum in the leading order the dispersion relation (6) is solved with S(g4, q) taken 
at once on the bare mass shell iq^ = ^ ± v^q^ + m'^ that is evidently correct to establish 
e^-corrections. However this procedure requires the additional analysis to establish the 
next-to-leading term (e.g. the e^-term) where the perturbative calculations are more 
complicated. In this case the mass shell should be shifted as well to make all calculations 
selfconsistently. 

The one-particle electron spectrum in the leading order is: 

iq, = (/i + K,) ± ym2(l + Z{q)y + q^(l + i^(q))' (11) 

since all functions being put at once on the bare mass shell are independent from iq^. 
Our task is to calculate (11) explicitly using the expressions for E(g) found above in the 



4 



Feynman (F.G) and Coulomb (C.G) gauges. These calculations are rather lengthy since 
they require at first to extract the functions Z{q) and K^{q) from E(gf) (e.g. as it is done 
in the Coulomb gauge) 



+ 



[?4 + i(// + ep)]2 + (p-q)2 2(p-q)2 







p| [g4 + i(/^ + IpI) ]^ + e^+q 



+ 



(27r) 



n 



+ 





P + /i - 20-4 


[g4 + ^(/i + 


Pl)F + 4+q 



[g4 + ^(/^ + ep)]2 + (p-q)2 2(p-q) 



/i.e.; (// -ii) 



(12) 



and then, after the bare mass shell has been put into these expressions, to expand them 
in the powers of p. However, in the leading order which is only considered here, the final 
result is very simple and can be presented as follows 



KM 

^4(0) 



- 2/r± 



m 



m 

Z{0) 



-41. ±4: 



- 4 /z ± 2 



J_B 

m 
Ib 



{F.G) 
{C.G) 



(13) 



m m 

to demonstrate that these functions are gauge dependent (the same as E(g) taken on the 
bare mass shell [4,5]). 

Nevertheless the long wavelength limit for the one-particle electron excitations (due 
to the algebraic transformations) has another form 

iq^^fXR ± mfl = ( 1 + 2 /b ) ± [ m(l - 4/^) + — 1 (14) 

and this limit is the same in both gauges. Here Ib = (J^Ib and other abbreviations are: 

d\p 



27r2 

' d\p\ < 
47r2 



+ IpK 



2 /•4pI % + 

47r2 2e„ 



(15) 



The found invariance is very specific and, undoubtedly, is destroyed when the spectrum 
for all momenta is considered. However, the effective electron mass (the one-particle 
spectrum limit at zero momentum found perturbatively) is gauge invariant, and namely 
this fact is demonstrated above. 

The obtained spectrum limit can be repeated in the arbitrary a-gaugc to demonstrate 
the difficulties which arise due to the additional pole 1 /p^ and their influence on the cal- 
culations made. In this gauge the X>°-function is more complicated and has the additional 
tensor structure 

S, 



(16) 
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which introduces at once the a-dependence into all calculations. Now the one-loop electron 
self-energy (3) is transformed to be 

m - + (« - 1) f E / ^(7.Pm)^^(7.P.) (17) 

where the first term reproduces the standard result for E(q') in the Feynman gauge and 
the last one gives its gauge dependence. This term can be calculated in the more explicit 
form using (for example) the Ward identity for statistical QED [3] 

iq>.^Ap,P + q\q) = G-\p + q) - G'^p) (18) 
and the simple algebra. The final result has the known form 

= (« - 1) f E / (|^(7mP.)^^^(7.P.) = G-\q)i:\q) (19) 

which is very convenient for our discussion if there is a possibility to regularize the S'(g)- 
quantity. Without any additional regularization this quantity is singular on the bare 
mass shell and a-dependence is kept (as it was found above here and in [4,5]). However, 
if any regularization is done to make S'(g) finite, the electron self-energy taken on the 
bare mass shell is gauge invariant and reproduces the spectrum found in the Feynman 
gauge. Moreover this spectrum will be gauge invariant for any momenta and, namely, 
this fact in comparison with the results obtained above, is very doubtful. The most 
probably that such regularization of S'(g) is possible only for q = to be in agreement 
with the results of calculations in the Feynman and Coulomb gauges. However, the more 
complicated situation is not excluded: the independence for a does not mean else the 
real gauge invariance. To be sure one needs to check this fact in another outstanding 
gauge which is free on any additional regularization (e.g. the Coulomb gauge attracts 
the special attention). Probably, within Eq.(19) namely this situation is taken place, 
but formally here any regularization is acceptable since its infiuence on the one-particle 
electron spectrum is blocked up due to the zero factor which is G~^{p) on the bare mass 
shell. 



4 Collective electron spectrum in Coulomb gauge 

This gauge along with the Feynman gauge (where a = 1) is very convenient for the 
practice calculations since no additional infrared regularization is necessary to treat all 
perturbative diagrams. This is not the case for any a-gauge where a new pole (l/p'^-pole 
in the Po-function) introduces many additional difficulties and makes all calculations very 
complicated. Indeed in the a-gauge the one-loop electron self-energy is given by 

y<^( \ ^ f ^'^^ (a + 3)m + (q + l)i7^(p + g)^ 

P^J (27r)3 [p + g)2 + mV 

^ ' I3^J (27r)3[p + g)2 + mV 
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and one can see that now the collective spectra which will be found exploiting this expres- 
sion is surely gauge dependent. Moreover, since Z'^ = Z^{a + 3)/4, this dependence is 
kept for the long wavelength spectrum limit as well. Moreover the calculation of Eq.(20) 
requires the special procedure to treat its last integral: for example, one can consider that 



P 



- — lim 

■4 k2_^0 



d 



1 



(21) 



or introduce another way of calculation. It is not excluded that the additional infrared 
regularization ( e.g. the dimensional regularization) will be necessary. In any case the 
result will be rather complicated and non-single value. 

The situation is different in the Coulomb gauge where all calculations are standard and 
selfconsistent. Their result was done above and will be used here to solve the dispersions 
relation (6). Only the long wavelength spectrum limit (the case q = in Eq.(6)) will be 
considered below and therefore only two functions Z and i^4-should be extracted from 
Eq.(lO). These functions are given by Eq.(12) and can be algebraically transformed to be 



n VP 



4p2 



212 



nT — rir- 



4|p| [{iqi-^lf - 



m 



^ 4|pP(ig4 — — [(ig4 — — w?]^ 
and then analogously we find /r4-function 



(22) 



^^^4^(^4,0) = -e' j 



d\v\ 
27r2 



4p^6p 



Ael-{iq^-ixni + 



m 



2 2e„ V 



(tq^ - iif 



m 



{iq4 - 



n' — 



+n 



B 



4p3 



4p2 - (% -/X)2[l 



m 



1 - 



{iq4 — iif — 



2|p|' 



iqi- H 



(23) 



Now our problem is to solve Eq.(6) exphcitly. To this end we should put Eq.(22)-(23) 

on the new mass shell (ig4 — ji) = u and in this form substitute these integrals into 
Eq.(6). However in this case the arisen equation is very complicated and can be used 
only for numerical calculations. On the other hand, keeping the pcrturbative accuracy 
the obtained integrals could be simplified using a condition m « T and omitting all 
terms. If only the leading term for the small m is kept, these functions have the form 



-iK^{q4,0) ^ ^ + Ib 
Z^(g4,0) = -3/z + 2:^ 

UJ 



(24) 
(25) 
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where all integrals were earlier determined by Eq.(15). The dispersion equation is the 
simple quadratic equation 



uj"^ -u[t] mil - 3Iz) + Ib]-{Ia + 2r]mlB ) = 
whose solution reproduces the final result. This result is given by 



^ + ^ r)mR + Ib 



± 



[77 niR + Ib 



+ {Ia + 2r]mlB) ■ 



(26) 



(27) 



where mR — m{l — 3Iz) and at once Eq.(27) demonstrates that the spectrum found in the 
Coulomb gauge is qualitatively the same as the one in the Feynman gauge. In particular, 
the spectrum branches are split even at zero momentum and have four well-separated 
effective masses: two of them are related to the quasi-particle excitations and two others 
present the new quasi-hole ones. This is evident from Eq.(27) where rj — ±1. However, 
this spectrum is not coincident quantitatively with the one found in the Feynman gauge 

[9] 



E^{0) = li + ^[r] tur-Ib 



± 



[t] tur - Ib 



+ {I A + 4r;m/s) 



(28) 



where ruR — m(l — 2Iz) and the /x-dependence are different. Only for the case m, ^ these 
results are similar and gauge independent. 



5 Conclusion 

To summarize we have established two kinds of the electron excitations in statistical QED: 
the onc-particle spectrum and collective one which in the leading order is absent in QFT. 
The one-particle spectrum is qualitatively the same as the bare one and can be gauge 
invariant, in any case its effective mass is always the gauge invariant quantity. It has two 
branches 2^4 = fiR±mR and their chemical potential and effective mass are quantitatively 
improved due to the interaction with the medium. This is not the case for the collective 
electron spectrum which has nonperturbative nature and is completely different from the 
bare one. This spectrum is split and their branches develop the different dynamical masses 
(the gap at zero momentum) which are always nonzero in the medium. These dynamical 
masses are not connected with bare masses and are generated always even for the case 
m, fi = being in the last case the gauge invariant quantity. But if the bare electron mass 
is not equal to zero all parameters which determine the collective spectrum are gauge 
dependent and their connection with the real electron excitations should be investigated 
separately. However one can see (comparing our results in the Feynman and Coulomb 
gauges) that these changes are only quantitative and qualitatively the found spectrum is 
the same in any gauges and namely that, probably, demonstrates the physical sense of the 
gauge invariance principle. The same situation is not new and takes place, for example, 
with the infrared fictitious pole in statistical QCD [10] which can be found in any gauges 
but quantitatively its position depends on the gauges fixed. Many of the results found 
here are valid as well for statistical QCD in the leading order but in the non-Abelian 
theory the situation is more complicated and surely requires the understanding of the 
gauge invariance principle in a broader sense. 
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